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REGULARIZATION VIA CHEEGER DEFORMATIONS 


CATHERINE SEARLE, PEDRO SOLORZANO, AND FREDERICK WILHELM 


Abstract. We show that Cheeger deformations regularize G-invariant metrics in 
a very strong sense. 


In the presence of a group of isometries G, Cheeger developed a method for per¬ 
turbing the metric on a non-negatively curved manifold M pL]. We will show, in the 
curvature free setting, that this method regularizes the metric in a very strong sense. 
Before stating our result we recall the definition of a Cheeger deformation. 

Let G be a compact group of isometries of (M, g^i). Let %; be a bi-invariant metric 
on G, and consider the one parameter family l 2 gu + gM of metrics on G x M. G acts 
on {G x M, l 2 g h[ + g M ) via 

g(p,m ) = (pg~ * l , gm ), 

which we will call the Cheeger Action. 

Modeling out by the Cheeger Action we obtain a one parameter family gi of metrics 
on M = (G x M) /G. As l —» oo, ( M,gi ) converges to gM pj- 
The quotient map for the Cheeger Action is 

q : (p, m) K > pm. 

For any point x in the union of the principal orbits, M reg , we define 

~ - 1 

9l = pgi\T x G(x) +gi\ TxG(x) ±, 

where T X G (x) is the tangent space to the orbit through x, and TG (x)" 1 is its orthog¬ 
onal complement. 

Theorem A. Let (M, g^) be a complete, Riemannian G-manifold with G a compact 
Lie group. For any non-negative integer p and any G-invariant, pre-compact open 
subset U C M reg , as l —> 0 the one parameter family {gi\u}i >0 converges in the C p - 
topology to a G-invariant metric g so that the Riemannian submersion (U,g) —» 
U/G has totally geodesic, normal homogeneous fibers. 

The normal homogeneous metrics on the fibers have the following description. 
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Theorem B. For any x G U with isotropy G x , let : G/G x — » G (x) be the 
G-equivariant diffeomorphism, ( gG x ) = gx. Let g nh x be the normal homoge¬ 

neous metric on G/G x induced by the submersion (G, g^C) — > G/G x . Then <I> X : 
(' G/G x , (?nh,x) —> {Li. g) is a Riemannian embedding whose image is totally geodesic. 

Remark 1. While the embedding : (G/G x , g n h,x ) —> (Li, g) preserves the Rie¬ 
mannian metric and has totally geodesic image, it need not be an isometry in the 
metric space sense, that is, the intrinsic and extrinsic metrics on the orbits need not 
coincide. Consider a “Berger” sphere obtained by expanding the constant curvature 
1 metric in the Hopf directions, and leaving the metric on the horizontal distribution 
unchanged. It follows that the Hopf semi-circles between pairs of antipodal points have 
length > i r. Since every geodesic which is horizontal for the Hopf fibration connects 
antipodal points, the extrinsic distance between any pair of antipodal points is < tt, 
and so the intrinsic and extrinsic metrics on the Hopf fibers are different. 

Remark 2. The class, V , of principal G-manifolds with totally geodesic, normal 
homogeneous orbits is invariant under Cheeger deformation. Theorems A and B say 
that all principal G-manifolds are attracted to V by Cheeger deformations. 

As Cheeger deformations and G-manifolds have been extensively studied, others 
may be aware of Theorems A and B. The closest result that we found in the literature, 
due to Schwachhofer and Tapp, is Proposition 1.1 in [8], which deals with the case of 
Cheeger deforming a homogeneous space, M = G/H , via G. 

We believe there are many potential applications of Theorems [A] and [B] For exam¬ 
ple, some of the curvature estimates in [7j can be obtained by combining Theorems 
1X1 and IBl with the Gray-O’Neill fundamental equations of a submersion 0,0. 

The paper is organized as follows. In Section 1, we establish our notations and 
conventions, and in Section 2, we prove Theorems lAl and IBl 

Acknowledgments: We are grateful to Peter Petersen, Wilderich Tuschmann, and 
Burkhard Wilking for stimulating conversations on this topic. 

1. Notations and Conventions 

Throughout we assume that the compact Lie group, G, with bi-invariant metric g^, 
acts isometrically on the complete Riemannian manifold (M, g^). The orbit through 
x G M is called G (x) and the isotropy subgroup at x is G x . We denote the Lie algebra 
of G by g, and the Lie algebra of G x by g r . We call m, : the orthogonal complement, 
with respect to gu, of g x in g. For the distribution on M reg given by the tangent 
spaces to the orbits of G, we write T (orbits). 

For an abstract G-manifold, N, let 

K n : g x N —> TN (1.0.1) 

be the bundle map that takes (k, x) £ g x N to the value at x of the Killing field 
generated by k, and let iCy^ = Kn\ qx s x \ ■ Note that the map iCy depends not just 
on N, but on the particular G-action on N. We adopt the convention that when 
N = G, the G-action is by right multiplication. The corresponding bundle map 
Kq : g x G —» TG is then the trivialization of TG given by the left invariant fields. 
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Since G is a G -manifold via various G'-actions, the map K G : g x G —> TG has 
more than one possible meaning. We adopt the convention that K G : g x G —> TG 
is the bundle map that corresponds to the action of G on G by right multiplication. 

For x G M reg , define : G —» G (x) by & x (g) = gx. Let 7r : G —» G/G x be 
the quotient map, and let : G/G x —> G (x) be the G'-eqnivariant diffeomorphism 

given by (gG x ) = gx. Since $ x o tt = $ x , Dn e = K G/Gxt eGx and = K MjX , 

the chain rule gives 

( D ®x) eGx ° K G/G x , eG x = Km,x. 

Since K G / Gx , eGx \ mx is invertible, 

{D$x) eGx = K m , x ° Kg/g x , eGx\ m l • ( 1 . 0 . 2 ) 

Note that the differential of the quotient map 

q : (p, m) (->• pm 

for the Cheeger Action, g(p,m ) = (pc/ -1 , gm ), is 

Dq(p,m) (k, v ) = K m , x (k ) + v. (1.0.3) 

Recall from Chapter 2 of Hirsch [3] that two smooth maps <!>, 'f : M —> N are 
close in the weak C p -topology if all of their values and partials up to order p are close 
with respect to fixed atlases for M and N. If the atlases are both finite, this leads to 
a notion of C^-distance, which depends on the atlases, but will serve our purposes. 

For bundle maps and tensors we will need a C’ p -norm, which we now define. Recall 
that a Euclidean metric on a vector bundle E restricts to an inner product on each 
fiber of E and these inner products vary smoothly. Given vector bundles E\ and E 2 
with Euclidean metrics and a bundle map 

T- Ei —> E 2 , 

we define the C' p -norm of <p, |<p| CP , as follows. Let E\ be the unit sphere bundle of E\ . 
Define \*p\ Cv to be the C^-distance from to the zero bundle map. The C ,p -norm 
of a tensor is its C p -distance to the zero section. We note that the C' p -norm of a 
bundle map or tensor depends on the given Euclidean metrics. With the exception 
of Tiff, all of the vector bundles we consider will come with a clear choice of metric. 
For bundle maps (p that go to or from TM and for tensors u on M, we adopt the 
convention that \<p\ GP and |<v| CP are defined in terms of our initial G invariant metric 
9m- 


2. Regular Structure Theorem 
The vertical space for q at (g,x) G G x M is 

V = {(-K G (k),K M (k)) | fcGg}. 

We recall from m, 0 , h that there is a linear reparametrization of the tangent 
space, called the Cheeger reparametrization. It is denoted by 

Clp : TM -A- TM 
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and defined as 

Chi ( v ) = Dq (vi), 

where V[ G TG x TM is the horizontal vector for 

q : {G x M, Z 2 g b i + ,9m) —> (M, g{) 

that projects to v under the projection 7 t 2 : G x M —» M. 

Although, vi is completely determined by v, gu, 9 m, and the G-action, the explicit 
formula is rather unpleasant, a, 0- Fortunately, we will not need it, as we will use 
abstract, asymptotic arguments. 

Every G-orbit in G x M has a unique point of the form (e, m). To fix notation, we 
assume throughout that we are at such a point. When l = 1 and v G T X M , we denote 
the first factor of hi by n x (v) . Then 

vi = (re* (v), v) . (2.0.4) 

For any /, we then have 



For simplicity, we will write v for iq. 

Proposition 2.1. For x G M reg we have the following. 

1. Km, x Im* : Ri T —> T X G (x) is an isomorphism that varies smoothly with x. 

2. The map k x : T X M —* g x , given by v t-)- k x (■ v ), takes values in try. and restricts 
to a linear isomorphism, T X G (x) —> m x , that varies smoothly with x G M reg . 

Proof. Part 1 follows from the definition of Km,x- 

Suppose (u,v) G T( e>x ) (G x M) with u f m a .. Then there is a ^ G 0 X with 
9 bi (k,u) 0 . ft follows that 

(^ 2 9 bi + 9m) ((u, v ), ( Kq £ (k ), K M}X (fc))) = (/ 2 5 -bi + 9m) ((u, v) , (-k, 0)) 

o. 

So (u,v) is not horizontal. It follows that n x takes values in trq.. n x is linear, since 
Chi : T X M — » T X M is linear and k x is projection to G composed with CIii\t x m- 
For v G TG (x) , if (0, v) G T (G x M) is horizontal, then v = 0, and it follows that 
k x is injective. Since dim (try.) = dim(G(x)), n x : T X G (x) —> m x is, in fact, an 
isomorphism, proving Part 2. □ 

Before proceeding we define the following vector bundle over M reg . 

E 0 rb = { {x, v) G M reg x g | v G m x } . 

K and k are then bundle maps 

E 0 vb ^ T (orbits) | Mreg , 

T (orbits) | Mreg -^4 E orh . 
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Proposition 2.2. Given any compact subset K. C M reg and any p > 0 there is a 
constant C > 0 so that 


max{\K\ CP ,\k\ cp ,\K 1 \ Cp ,\k 1 \ cp ]<C. 

Proof. This follows from compactness of the corresponding unit sphere bundles and 
the fact that K , n, A' -1 , and kV 1 are C°°. □ 

The next result shows that along the orbits cy is approximately (K Mx | m J) * (g bi ), 
and the error in this approximation has the form l 2 £ for some bounded, symmetric 
(0,2)-tensor £. 


Lemma 2.3. Given any compact subset K C M reg , there is an l 0 > 0 so that for 
all l G (0, Zo) there is a symmetric (0,2 )-tensor £ and a constant C > 0 with the 
following property: 


■b I T(orbits)|^ 


£ 


Cp 


= (K m | l )* (g h f) + l 2 £ and 
< C. 


(2.3.1) 


Proof. For igKc M reg and v,w 6 T (orbits)^ , using Equation 11.0.31 we find 

l 2 Ch t (v) = Dq (l 2 

= K m (k (v)) + l 2 v. (2.3.2) 


The definition of gi and Chi gives 

^(/ 2 C/p(u),/ 2 C/pH) = l 2 (l 2 g hi + g M ) 


hi ( v ) \ f k (w) 


l 2 


-,V , 


l 2 


-,w 


= gu{K{v) ,k(w)) + l 2 g M (v,w). 


So 


— | [PC hi ) (^/|T(orbits)) — ( K )* (fi'bi) + ^ {f)M\ T(orbits)) • 


(2.3.3) 

(2.3.4) 


From Equation 12.3.21 we have 


l 2 Chi = K m o k + Z 2 id. 


Combining this with Proposition 12.21 we see for small enough /, there is a bundle map 


so that 


E : T (orbits) | Mreg —» T (orbits) | Mreg 


{l 2 Chf) 1 


= K~ l O K M l + 0 (l 2 ) E, 

(2.3.5) 

\E\ C p < 1 . 

(2.3.6) 


and 
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Combining Equations 12.3.41 and 12.3.51 gives 

IT(orbits) = j (n)* ((/bi) + l 2 ({PChl) j (#M|T(orbits)) 

= (^T W + 0 P) (ET («)*W + 

+ / 2 (k 1 O A a /) (^MlT(orbits)) + O (/ 4 ) (Ef)* (<7m|t( orbits)) 

= [K^y (g bi ) + l 2 £, 

where 

O (/ 2 ) (A)* («)* (</bi) + / 2 (a- 1 o Ji- 1 )* (^(orbits)) + O (/ 4 ) (E)* (j} M \t (orbits)) • 

Combining this with Proposition 12.21 and Inequality 12.3.61 it follows that 


for some C > 0. 


£ 


< C 


Cp 


□ 


Proposition 2.4. Given any compact subset 1C C M reg , there is an Iq > 0 so that 
for all l G (0, l 0 ) there is a (0,2) -symmetric tensor £ and a constant C > 0 with the 
following properties. For all x e K, 

($x)* (ffi) = 9nh,x + l 2 £ and (2.4.1) 

\£\ C p < c. 


Proof. Since <h* {gf) and g n h )X are G-invariant, it suffices to verify Equation 12.4.11 at 
eG x . Using Equation 11.0.21 and the linearity of Km, x and A^L eG ^ we see that 
applying (<h x )* to Equation 12.3.11 gives 


(4y>* &It„c<*>) = (* I )'(A'M,,t 1 )*(9bi)+ ?(*»)'(£ 

L G/G X , ggJ {Km,x | m J (<7bi) + l ( K M ,x ° ^g/G, 


= ( Km -t o at 1 


eGa 


X 5 VVjr x 


£ 


— yE M ,x\m x ° K M ,X ° K G /G x , eG x J (&bi) + l \Em,x ° ^G/G x , e Ga 

= (k G /G x , eG x \ m ^ (<7bi) + l (k m ,x ° ^ G /G XJ edY ^ 

— tlnh,x 4“ l ^A -M,x ° E G / Gx , eG ) ( £ 

The result then follows by setting 


£ 


£<• — ( Em, a i ° E GjGx fG , ) ( £ n 


and by appealing to Proposition 12.21 and the fact that 


£ 


< C. 


□ 


cp 


We are now in a position to begin the proofs of Theorems lAl and iBl First observe 
that the distribution orthogonal to the orbits 

x ha TG {xY 
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is the same for gi, gi, and Qm- Also notice that for Z G TG (a:) 1 , 


9i (Z, •) = 9i (Z, •) = g M {Z, •). 

(2.4.2) 

For x G K C M reg we set 


£l\x = 9m\tG(x) ± A ) (^nh,x) • 

(2.4.3) 


Our next result shows that g is G invariant. 

Proposition 2.5. For y G G (x), (Qf 1 )* (g n h,x) = ( 9nh, y ) 

Proof. Let g yx G G satisfy g yx x = y. Then g yx G x g~f = G y and we have a commutative 
diagram 


G 


C 


9yx 


G 


C 


9yx 


J 9yx 


where 


G/Gz 

G(x) 


Gg yx ( a ) — 9y X ag yx , 

Gg y x ( a G x ) — 9yx a 9 yx G y , 
LgyAp) = 9yxP, 


n Gy 

G/Gy 

G(y) 


and 7 tg x and 71g v are the quotient maps. 

It follows that 

(4>T)' Onh.x) = ((Gj-'otyo^,) ( 9nhx ) 

= (A„)* »(U _1 )‘°(c 3 d)‘ (» 

= (*d)'(9nh, y ), 

since L 9yx is an isometry of {G (y) , (g nh,y) ) • 

Applying (d*” 1 )* to both sides of Equation 12.4. 11 we obtain 
9i\tG(x) = (^b 1 ) (tfnh.x) + l 2 ($V 1 ) (£) ■ 


□ 


(2.5.1) 


Combining Equations 11.0.21 f2. 4. 21 and 12.5.II with the inequality, \S\ CP < C, we see 
that 

\~9i-~9\ CP <Cl 2 . ( 2 . 5 . 2 ) 
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Remark 2.6. Our proof does not preclude the possibility that the bounds on the higher 
order derivatives of £ depend on the order p, and so does not give convergence in the 
C°°-topology. 

The next result shows that the fibers of 7r reg : ( U,g ) —> U/G are totally geodesic 
and, combined with Inequality 12.5.21 completes the proofs of Theorems [A] and HU 

Proposition 2.7. Let T 9M and T gi be the T-tensors of the Riemannian submersions 

n reg . M ^/G, and 

n re9 : (M re9 ,gi) —> M re9 /G, 

as defined in |5]. Given any compact subset 1C C M reg there is a constant C > 0 so 
that on 1C 

\T 9l \ < Cl 2 \T 9M \ . (2.7.1) 

Proof. Let T 91 be the T-tensor of the Riemannian submersion 

7T re g : (M reg , g{) —>• M reg /G. 


The duality between the shape operator and the second fundamental form of the 
fibers implies that the norm of the T-tensor is determined by its values on just the 
vertical vectors. 

We begin by proving Inequality 12.7.11 with T 91 replaced by T 91 and then we will 
show that \T 9l \ = \T 9l \. 

For V,W eTG ( x ) and Z e TG (a:) ± , we lift Ch t ( V ), Chi (W) , and Chi (Z) to 
G x M and get 


gi(T Chl( v)Ch l (W),Ch l (Z)) = (l 2 g hi + g M )(v 

= g M (V 9 v M W,Z) 

= g M (Tf M W,Z ) 

On the other hand if \V\ = |R7| Pm = 1, then 


jl 2 9hi+9M I K (W) 


<V) 


y 


i 2 


,W),(0,Z) 


\chi(v)\' = 


2 M^)IL 


i 2 


+ 1 and \C1m(W)\ 2 = 


\^ W )L 

l 2 


+ 1 . 


Combining the previous two displays with Proposition 12.21 we see that given any 
compact subset 1C C M reg there is a constant C > 0 so that 


\T 9l \ < Cl 2 \T 9M \. 

To see \T 9l \ = |T 9i | we use the Koszul formula and find that 


2g t (rfflW, Z) = 2/ 2 ^(VyW,z) 

= l 2 (- D z gi C V., W) + cp ([Z, V], W) + ~ 9l ([Z, W] , V)) 
= -D zgi (V, W) + 9l ([Z, V],W)+ 9l ([Z, W ], V) 

= 2 gi (T*W,Z). 

So I T 9l \ = \T 9l \ , and the result follows. 


□ 
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